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Abstract. Let R he a regular local ring, K its field of fractions and Ai, A2 two 
Azumaya algebras with involutions over R. We show that if Ai K and Ai (8)_r K 
are isomorphic over K, then Ai and A2 are isomorphic over R. In particular, if 
two quadratic spaces over the ring R become similar over K then these two spaces 
are similar already over R. The results are consequences of a purity theorem for 
similarity factors. 



Introduction 

Let be a regular local ring, K its field of fractions. Let (Ai, cti) and (A2, CF2) 
be two Azumaya algebras with involutions over R (see right below for a precise 
definition). Assume that (Ai,cri) ®^ K and (^2,^2) ®r K are isomorphic. Are 
(Ai,cri) and (^2,(72) isomorphic too? We show that this is true if is a regular 
local ring containing a field of characteristic different from 2. If Ai and A2 are both 
the n X n matrix algebra over R and the involutions are symmetric then cxi and 
(72 define two quadratic spaces qi and q2 over R up to similarity factors. In this 
particular case the result looks as follows: if qi K and qi K are similar then 
qi and q2 are similar too. 

Grothendieck [G] conjectured that, for any reductive group scheme G over R, 
rationally trivial G-homogeneous spaces are trivial. Our result corresponds to the 
case when G is the projective unitary group W a,cj for an Azumaya algebra with 
involution over R. If R is an essentially smooth local /c-algebra and G is defined 
over k (we say that G is constant) Grothendieck's conjecture has been proved in 
most cases: by CoUiot-Thelene and Ojanguren [C-TO] for a perfect infinite field 
k and then by Raghunathan [R] for any infinite k. One notable open case is that 
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of a finite base field. For a non-constant group G only few cases have been proved: 
when G is a torus, by CoUiot-Thelenc and Sansuc [C-TS], when G is the group 
SLi(D) of norm one elements of an Azumaya i?-algebra D, by Panin and Suslin 
[PS], when G is the unitary group Ua,<7, by Panin and Ojanguren [Oj-Pl], when 
G is the special unitary group SU^.o-, by ZainouUine [Z]. Recall as well that for 
semi-simple group schemes G over a discrete valuation ring the conjecture has been 
proved by Nisnevich in [Ni]. 

The paper is organized as follows. Section 1 contains a reduction of the main 
theorem (Th. 1.1) to a purity theorem for similarity factors (Th. 1.3). Section 2 
is devoted to a theorem of Nisnevich and its Corollaries. The rest of the text is 
devoted to the proof of Theorem 1.3. The proof is given in §8. It is based on the 
Specialization Lemma (stated in §3 and proved in §4), the Equating Lemma (§5) 
and the Unramifiedness Lemma (§5). 

The author thanks very much M. Ojanguren for a lot of useful discussions on the 
subject of the present article. 

§1. Rationally isomorphic Azumaya algebras 
with involutions are locally isomorphic 

Let i? be a regular local ring containing a field k (char(/c) ^ 2) and let K be its 
quotient field. By an R- Azumaya algebra with involution {A, a) we mean (see [Oj- 
Pl]) an i?-algebra A which is an Azumaya algebra over its center Z{A) equipped 
with an involution a : A ^ such that Z{A) is either R itself or an etale 

quadratic extension of R such that Z{A)'^ = R. 

1.1. Theorem (Main). Let (Ai,a"i) and (A2,cr2) be two Azumaya algebras with 
involutions over the ring R. If the Azumaya algebras with involutions {Ai^k-, ci,k) 
and {A2,Kj o"2,k) are isomorphic, then (Ai, ai) and {A2, 0-2) are already isomorphic. 

Reduction to a Purity Theorem. Since (Ai^k, ci,k) — (^2,k, C2,k), one con- 
cludes that the two Azumaya algebras Ai^k and A2^k over Zk are isomorphic. 
Thus Ai ~ ^2 {Z is regular semilocal as an etale quadratic extension of R). There- 
fore one may assume that Ai — A2, Zi = Z2 and we have two involutions ai and 
(72 on the same algebra {A over Z and Z is a quadratic etale extension of R (or Z 
just coincides with R). 

Now consider the composite A A°p — - — > A. It is an Azumaya algebra 
isomorphism. Thus it is of the form Int(Q;) for an element a E A*. Thus a"ioInt(Q;) = 
(72 and a is symmetric with respect to ai. Therefore we have two hermitian spaces 
over {A,ai), namely (^,1) and {A,a). Set 



hi = {A, 1) and h2 = {A, a). 
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Since (Ak, o'i,k) is isomorphic to (Ak, o'2,k), h\^K is similar to /i2,i<r i-e. there exist 
an element a e K* and an isometry a ■ hi^x — h2,K- 

Wc will prove (this suffices to prove the theorem) that there exists an element 
b E R* such that b ■ hi h2 over {A, ui). To find the desired element 6 e i?*, it 
suffices to find a similarity factor bm £ K* of the space hi^K and a unit am G R* 
such that a = am ■ bm- In fact, if bm £ K*, am £ R* are the mentioned elements 
then one has a chain of relations (/i2 -L — «m " ^i)k — ^2,k -L —tt-m " " = 
/i2,K -L — « ■ hi^K — h2^K -L —h2,K- Thus (/i2 -L — «m ■ hi)K is hyperbolic and 
by the main theorem of [Oj-Pl] the space /i2 -L —am ■ hi is hyperbolic, whence 
h2 — am • hi. Therefore putting 6 = a,ti we get h2 — b ■ hi over {A, ai). It remains 
to find a similarity factor bm of hi^K and a unit am € R* such that a = a„i • 6„v. By 
the corollary of a theorem of Nisnevich below (§3, Cor. 3.2), for a height one prime 
ideal p in i? there exist elements bp E K* and ap e R* such that 

(1) bp is a similarity factor of the space hi^K and 

(2) o = Op • bp. 

Thus by the Purity Theorem (Theorem 1.2) there exist a similarity factor bm of 
hi K and a unit am £ -R* with a — ttm ' bm- So we have reduced Theorem 1.1 to the 
Purity Theorem. □ 

1.2. Theorem (Purity Theorem). Let R, K be as in Theorem 1.1. Let {A,(t) 
be an Azumaya algebra with involution over R and let h be the hermitian space 
(^, 1) over {A, a). Let a e K* . Suppose that for each prime ideal of height 1pm 
R there exist ap E R*, bp E K* with a = ap - bp and hx — bp ■ hx- Then there exist 
bm E K* , am e R* such that 

(1) bm is a similarity factor of the space hx, 

(2) a^ am- bm- 

It is convenient for the proof to restate Theorem 1.2 it in a slightly more technical 
form. For that consider the similitude group scheme G = Sim^ of the Azumaya 
algebra with involution {A, a) . Recall that for an i?-algebra S the S'-points of 
G are those a E {A S)* for which a'^ - a e S*. Further consider a group 
scheme morphism jjL : G ^ Qm which takes a similitude a e G{S) to its similarity 
factor (u(a) = a'^ ■ a E S* . Finally for an i?-algebra S consider the group J^{S) = 
S* /iJ,{G{S)). For an element a E S* we will often write a for its class in J^{S). 

1.3. Theorem. Let R, K and (^, cr) be as in Theorem 1.2. Let a e K* . If for 

each height 1 prime p in R the class a E J-{K) can be lifted in !F{Rp), then a can 
be lifted in T{R). 

Remark. Theorems 1.2 and 1.3 are equivalent. In fact, the group iJ,{G{R)) coincides 
with the group Gii{h) of similarity factors of the hermitian space h = {A, 1). 
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Remark. It is quite plausible that the method of [Zl] could be adapted to prove 
Theorem 1.3. 

§2. A THEOREM OF NiSNEVICH 

Let i? be a discrete valuation ring containing a field and let K be its quotient 
field. Let {A, a) be an Azumaya algebra with involution over R. The following 
theorem is a consequence of a theorem of Nisnevich on principal G-bundles. ([Ni], 
Theorem ??). 

2.1. Theorem (Nisnevich). Let hi and h2 be two hermitian spaces over {A, a). 
Suppose hi^K is similar to h2,K, then hi is similar to /i2- 

This Theorem is a particular case of the theorem of Nisnevich just mentioned, 
namely the case when G is the projective unitary group scheme PUh^ over R. 

2.2. Corollary. Let hi, /i2 be two hermitian spaces over [A, a). Let a G K* be 
such that h2,K — a, ■ hi^K- Then there exist an element h' e K* and a unit a' e R* 
such that 

(1) h' is a similarity factor of the space hi^K, 

(2) a = a' -h'. 

Proof. By the theorem there exists a unit a' e R* such that a' ■ h2 — hi. Thus one 
has a chain of relations 

a ■ (a')~^ • hi^K - a ■ h2,K - ■ hi^K - hi^K ■ 

Therefore b' = a ■ {a')~^ is a similarity factor of the space hi^K and a = a' -b'. □ 

2.3. Corollary. The kernel of the map H^{R,SimA,a) — H^{K, SimA,a) is triv- 
ial. 

Proof. The group scheme Sim^ fits in an exact sequence of algebraic groups 

^ Rz/R{Gm,z) ^ Sim^,, ^ PU^,, ^ 

where Rz/R{^m,z) is the Weil restriction of the multiplicative group Gm,z- By 
Hubert's Theorem 90 H^{R,Rz/R{'^m,z)) = H^{Z,Q,n,z)) = 0. Thus the kernel 
of the map (i?, Sim^i^cr) {R, PUa.o-) is trivial. On the other hand the kernel 

of the map H^{R,V\]A,a) ^ H^{K,V\]A,a) is trivial by Theorem 3.1. Thus the 
kernel of the map H^{R.,^im.A,a) H^{K.,^im.A,cr) is trivial as well, whence the 
Corollary. 
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§3. A Specialization Lemma 

In this section we state a theorem which is one of the main ingredient in the 
proof of purity. The theorem itself will be proved in §5 below. 

Let be a field (char(A;) 7^ 2) and let (A, a) be an Azumaya algebra with involu- 
tion over k (see Section 1 for the definition). Let G = Sim^ be the similitude group 
of {A, a) (see the end of Section 1 for the definition), and let /x : Sim^^ o- — ^ be 
a group morphism which takes a similitude a to its similarity factor n{a) = a'^ ■ a. 
The group G coincides with the similitude group of the hermitian space {A, 1) = h. 

3.1. Notation. For a commutative /c-algebra S, set J-'{S) — S* / n{G{S)). For an 
element u G S* we shall write in this section u for the image of u in J-'{S). Observe 
that iJ,{G{S)) = Gs{h^kS) is the group of similarity factors of the hermitian space 
h0k S. 

Let 5 be a fc-algebra which is a Dedekind domain and let L be the quotient field 
of S. Let p C 5 be a non-zero prime ideal in S and let Sp be the corresponding 
local ring. 

3.2. Definition. Let a e L*. The element a e J^{L) is said to be unramified at 
a prime p if a belongs to the image of the group J^{Sp) in T{L). In other terms, 
the element a is unramified at p if a = Op • 6p for certain elements ap G and 
hp G fx{G{L)). We denote by Tun{S) the subgroup in J^{L) consisting of all those 
elements in J^{L) which are unramified at each non-zero prime p in S. Elements of 
J^{S) are called S-unramified elements. 

Let 5" ^ A;[s] be a finite extension of the polynomial ring in one variable. Suppose 
5" is a Dedekind domain. Let 5*1 = S/{s — 1)S and 5*0 = S/ J, and let e : 5" — 
be an augmentation such that S/tS — S/Ker{e) xS/J — kxS/J for certain ideal 
J in S. For an element v E S we will write vi and vq for its images in and Sq 
respectively. If furthermore G S" be an element coprime as to (s — 1) so to (s), 
then the canonical map 5" — > Si is factorized as the composite S — > Sg — > Si. In 
this case for an element v E Sg we will write vi and Vq for its images in Si and Sq 
respectively. We will denote Ns^/k '■ S* — > k* the norm map. 

3.3. Theorem (Specialization Lemma). Let S ^ k[s] be an integral extension 
of the polynomial ring in one variable k[s] and suppose S is a Dedekind domain 
and L its quotient field. Let i E S be an element coprime to s and {s — 1). Let 
u & S^ be a unit. Suppose the element u G .F(L) is S-unramified, i.e. u belongs to 
the subgroup J-un{S). Then the following relation holds in the group J-{k) 



(*) 



e{u) = Ns,/k{ui) • Nso/k{uo) ^ 
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3.4- Remark. This theorem is proved in §4 below. Now observe only that ifu E S*, 
then Ns/k[s]{u) G k[s]* = k* and already e{u) = Ns^/k{ui) ■ Ns„/k{uo)~^ . So there 
is nothing to prove in this case. The trouble is that we do not assume u E S*. 



§4. Proof of Specialization Lemma 

Let k he a field of characteristic different of 2 and let {A, a) be an Azumaya 
algebra with involution over k (see Section 1 for the definition). Let h be the 
hermitian space [A, 1). We preserve in this section notation of §3. 

Let K be a function field of an irreducible curve over k and let L ^ K be a finite 
field extension (separable). We will consider in this section discrete valuations of 
K and L which are trivial on k and they will be called valuations. For valuations 
X : K* — > Z and y '. L* — > Z, we write y/x if y extends x. We will need completions 
to avoid dealing with semi- local Dedekind domains. 

4.1. Notation. Let y be a valuation of L. Denote by Ly the completion of 
L with respect to y. Denote by Oy the ring of integers associated with y, i.e. 
Oy — {a E L \ y{a) ^0}. And denote by Oy the ring of y-integers in L^, i.e. 
Oy = {a E Ly \ y{a) ^ 0}. We shall write k{y) for the residue field of y, i.e. 

If X and y are valuations of K and L respectively and y extends x, then Oy D Ox 
and Oy D O^ and the ring extension Oy D O^ is integral. Thus one has norm 
mappings A^^^ ^^^^ : O* — 0* and A^ : L* K* (we will use below a short 
notation Nyj^ for both of these maps). There is the norm map Nk(y)/k{x) '• ^(j/)* ~^ 
k{x)* and two diagrams commute 



O* 
y 



T * 

^y 



o: 



k{yy 



N. 



y/x 



N.. 



y/x 



y/x 



N 



i(y/x) 
k(y)/k{x) 



Ol 



K* 



O* 



kix)*, 



where i{y/x) = the length of Oy/m-xOy is the ramification index of y over x. 

4-2. Remark. Let UA,a be the unitary group of the form h. It is an algebraic 
group over k such that for any A;-algebra R the group of its i?-points is the group 
{a e {A ®k R)* I CK^ • Q! = 1}. With the notation of §3 the group UA,a fits in an 
exact sequence of algebraic groups 1 — > UA,a Sim^^^. — > 1. This sequence 
of algebraic groups induces exact sequences of pointed sets {R is a domain, K is its 
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quotient field) 



Hlt{R, UA,a) 
Hl,{K,UA,a) 



03 



In the case of a Dedekind local ring R and its quotient field K the maps and 9^ 
have trivial kernels as well. This holds for $2 by Corollary 2.3 and for 63 by [Oj]. In 
particular, in this case the map 9i : J^{R) — > ^{K) has the trivial kernel and thus 

it is injective. Observe as well that for a field K the map J~{K) H\^[K, Ua^o) is 
injective, i.e. {d(a) — d(h)) =^ a — b. 

4.3. Notation. Let y be a valuation of L and let i : L ^ Ly be the inclusion. 
Then by Remark 4.3 the map T{Oy) ^ ^{Ly) is injective and we will identify 
T(Oy) with its image under this map. Set 



Ty{L)^t:\T{dy)). 



The inclusions Oy ^ L and Oy ^ Oy induce a map J^iOy) — * ^y{L) which is 
injective by Remark 4.3. Both groups are subgroups of J^{L). The following lemma 
shows that Ty{L) coincides with the subgroup of J^{L) consisting of all elements 
unramified at y. 

4.4. Lemma. T{Oy) — Ty{L). 

Proof. We only have to check the inclusion J-'y{L) C J^(Oy). Let ay G ^y{L) be 
an element. It determines the elements a G J^{L) and d G T{Py) which coincide 
when regarded as elements of T{Ly). We denote this common element in T{Ly) 
by ay. Let C = d{a) G Hl,{L, UA,a), i = d{a) G Hl,{dy, UA,a) and 4 = d{ay) G 
Hl^{Ly, UA,a)- Clearly, ^ and ^ both coincide with ^ when regarded as elements 
of Hl^{Ly, UA,a)- Thus one can glue ^ and ^ to get a G Hl^{Oy, UA,a) which 
maps to ^ under the map induced by the inclusion Oy ^ L and maps to ^ under 
the map induced by the inclusion Oy Oy. 

We now show that ^y has the form 9(a^) for a certain a'y G J-'{Oy). In fact, 
observe that the image C of ^ in Hl^{L, SimA,CT) is trivia. As mentioned in Remark 
4.3 the map Hl^{Oy, Sim. a, a) Hl^{L,Sim.A,a) has the trivial kernel. Therefore 
the image (^y oi $,y in H^^^Oy, Sim^ cr) is trivial as well. Thus there exists an element 
a; G J^iOy) with d{a'y) =^ye Hl,{Oy, U). 
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We now prove that a'y coincides with ay in Ty{L). Since J-{Oy) and J-y{L) are 
both subgroups of T{L)^ it suffices to show that a'y coincides with the element a in 

J-{L). By Remark 4.3 the map T{L) ^ Hl^{L, Ua^o) is injective . Thus it suffices to 
check that d{a'y) = d{a) in Hl^{L, Ua,^)- This is indeed the case because d{ay) — $,y 
and d{a) = ^, and coincides with ^ when regarded over L. We have proved that 
a'y G J^{Oy) coincides with ay in J^y{L). Thus the inclusion Ty{L) C T{Oy) is 
proved, whence the lemma. □ 

4.5. Definition. Let y be a valuation of L. Define a specialization map 

s{y) : Ty{L) ^ T{k{y)) 

as the composite Ty{L) — > T{Oy) —L^ J^(^k{y)) of the map ^y(L) ^{^y) 
induced by the map (see 4.4) and the map T{Oy) T{k{y)) induced by the 
residue map Oy — > k{y). (If we identify Ty{L) with T{Oy) by Lemma 4.5, then 
the map s{y) : !F{Oy) — > !F{k{y)) coincides with the map induced by the map 

Oy ^ k{y)). 



4.6. Lemma-Definition. Let K he a field containing the field k and let K C. L 

be a finite fi,eld extension. Then the norm map N^ik '■ L* — > K* takes the group 
GLih) into the group Gxih). Therefore the norm map N^/^ induces a map which 
we still denote by 

Proof. The Scharlau norm principle [KMRT, loc. cit.] states that there is a natural 
inclusion NL/xiGL{h)) C Gxih), whence the lemma. □ 

4.7. Lemma. Let x be a valuation of K and let y be a valuation of L extending 
X. Then the map Nj^ : J-'{Ly) — * J^{Kx) takes T{0^ into TiO^)- 

Proof. The desired inclusion follows from the commutativity of the diagram 




N, 



y/x 



T{Oy)^ VTiLy) 

N 

HOx)^ >:F{k,) 



^l: 



N.. 



y/x 



o* 



the surjectivity of the map O* — > J^{Oy) and the injectivity of the map TiO^ — > 
Tik^) (see Remark 4.3). □ 

4.8. Notation. The map T{6y) T{6^) will be still denoted by N^i^. 

4.9. Notation. Let a; be a valuation of K. Set Tx{L) = f] J^yiL). 

y/x 

4.10. Lemma. Let x be a valuation of K. Then Nl/x{J^^{L)) C Tx{K). 

Proof. The desired inclusion follows from Lemma 4.8 and the commutativity of the 
diagram 



y/x 



y/x 



Un. 



y/x 



N 



L/K 



njv. 



y/x 



HOx) 



■^HKx) , 



and the definition of Tx{K) (see 4.4). □ 

4.11. Lemma. Let x he a valuation of K. Then the diagram commutes. 



J'xiL) 



y/x 



N 



L/K 



^^"k(y)/k(x) 



J'xiK) 



where iVA;(y)/A;(x) '■ ^{k{y)) — > J^{k{x)) is the norm map for the field extension 
k{y)/k{x) and N^^Jy^^ix) i{y/x)-th power, where i{y/x) is the ramification 

index of y over x, i.e. i{y/x) = the length of Oy/^KxOy. 

Proof. Consider the diagram 

Ilres 



AT 



:Fx{l) 

L/K 

J'xiK) 



- YlHOy) 

y/x 



y/x 



y/x 



'■^^^k(y)/kix) 



HOx) 
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and observe that the left square commutes. It remains to check that the right hand 
square commutes. To do this it clearly suffices to check the commutativity of 



N I 



To see this we include it in a bigger one: 



N.. 



vl a 



II ^Vl 

HOy) 



I 

V 



III 



N 



i(y/x) 
k(y)/k(x) 



The large square in this diagram commutes and squares I to IV commute as well 
and the map p is surjective. Thus square V commutes as well and the lemma is 
proved. □ 

4.12. Proposition. Let K = k{t) he the rational function field in one variable 

and Tun{k{t)) = J-'x{k{t)). Then the canonical map 

xeAl 



is an isomorphism. 

Proof. Injectivity is clear, because the composite J^{k) — > Tun{k{t)) ^{k) 
coincides with the identity (here sq is the specialization map at the point zero 
defined in 4.6). 

It remains to check the surjectivity. Let a e J^un{k{t)). Then by Lemma 4.5 
the element d{a) G Hl^{k{t), UA,a) is a class which for every x e Aj, belongs to the 
image of Hl^{Ox, UA,a)- Thus by a lemma of Harder [H], d{a) can be represented 
by an element ^ e Hl^{k[t],UA,a)■, where k[t] is the polynomial ring. By Harder's 
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theorem [H], the map Hl^{k,UA,a) Hl^{k[t],UA,a) is an isomorphism. Then 
C = p(^o) for an element G ^^^{k, UA,a)- Consider the diagram 

a I 

1 ^ jr(^k{t)) HlMt): UA,a) > HlMt): Sim^,a) > 1 

e P 

1 > Hk) ^ > Ua,.) V Hl,{k, SimA,a) > 1 

ao I > ^0 , 

where all the mapping are canonical and all the vertical arrows have trivial kernels. 
Since ^ goes to the trivial element in Hl^{k{t), Sim^^cr), one concludes that goes 
to the trivial element in H^^{k, Sim^^o-)- Thus there exists an element ao G ^(k) 
such that d{ao) = ^o- Clearly, one has e(ao) — a (use the injectivity of the map 
J-'{k{t)) — * Hl^{k{t), UA,a) mentioned in Remark 4.3). □ 

4.13. Theorem. Let L ^ K = k{t) be a finite separable field extension and let 
^un{L) = n J-'y{L). Then for an element a G J^un{L) the following relation 

y/x, x€Al 

holds: 

(*) n iV,(,)/,K(a)^(^/«)) = n iV,(,)/,(.,(a)^(^/i)). 

y/0 y/l 



V 



Proof. By lemma 4.11, the element Ni^/x{o-) is in the group Tun{K). Now by 
Lemma 4.12, the left hand side of the relation (*) coincides with so(-^L/K(tt)), 
where sq • ^un{K) — > J^{k) is the specialization map (see Definition 4.6) at the 
point zero. The right hand side of (*) coincides with si{Nl/x{(^))-, where si is the 
specialization map at 1. By Proposition 4.13, there exists an element ao G ^(k) 
whose image in J^{k{t)) is equal to NL/x{a) G T{k{t)). Thus 

sq{Nl/k{o)) = so(ao) = ao = Si(ao) = si(A^l/k(o)). 
The theorem is proved. □ 

4.14. Corollary. The Specialization Lemma (Theorem 3.3) holds. 

Proof. We use notation of §3. Let S D k[s] be the integral extension of the poly- 
nomial ring in one variable and suppose (as in the hypothesis of the Specialization 
Lemma) that S is an integral Dedekind domain. Let L be the quotient field of S, 
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K = k{s), and u E for the element f from the hypotheses of the Speciahzation 
Lemma. 

The element u G J-'{L) is S'-unramified, i.e. u e J^un{S). Thus u e J-'un{L). 
Theorem 5.14 shows that the relation 



2//1 y/0 



holds in J^{k). It remains to check that the left hand side of the relation (**) 
coincides with the element Nsj^/k{ui) in J-'{k) and the right hand side of the relation 

(**) coincides with the element NsQ/k{uo) ■ ^{u) in T{k). 

Let Si^y be the localization at y of the Artinian ring = S/{s — 1)S. Clearly, 
the diagram 



Sy > Sy, 

(where all the mappings are the canonical ones) commutes. For an element v & Si 



let Vy be its image in S'l^^. Now Lemma 4.5 and Definition 4.6 show that the 
element Py{{ui)y) coincides with the element Sy{u) in T{k{y)). Observe as well 
that Si — Y['^i,y thai the diagrams 



St 



St 



N 



Sl/k 



../k 



5l,j,/fe 



k* 



id 



k* 



id 



N 



k\ 



<(!//!) 
k(y)/k 



commute. This proves the relation H Nkry\/k{sy{uy^y^^^) 



Ns,/k{ui) in J^(/c). The relation U Nk^yyk{sy{uY^y/^^) = iVso/fcK) • e{u) in T{k) 

y/o 

is proved similarly (use that S/sS = kxSo and the map S 
€ : S ^ k). The Corollary is proved. □ 



UNs,^Jk{{Ul)y) 

/fc(tto) • e{u) in T{ 
k is the augmentation 



§6. Two LEMMAS 

Let k be an infinite field and O an essentially smooth local /c-algebra. 

e 

5.1. Definition. A perfect triple {TZ^O,f) over O consists of a commutative 

i 

C-algebra z : O — > 7?., an augmentation map e : TZ ^ O and an element f E TZ 
which are subjected to the following conditions: 

(1) eoi = ido, 
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(2) the O-algebra TZ is smooth at each prime p containing Ker(e), 

(3) TZ is essentially fc-smooth and TZ is domain, 

(4) TZ/ fTZ is a finitely generated (9-module, 

(5) there exists an element t & TZ such that 0\t\ is the polynomial ring in one 
variable and 7?. is a finitely generated -module. 

5.2. Remark. The condition (5) shows that Spec 7^ is a relative curve over Spec O. 
The condition (3) shows that 7^ is a regular ring. Since 0[t] is a regular ring as 
well, a theorem of Grothendieck [Eis, Corollary 18.17] together with (5) show that 
TZ is flat over 0[t] and thus it is a finitely generated projective -module. 

e 

Let {TZ^O, /) a perfect triple. Let (A, a) be an Azumaya algebra with involution 

i 

over TZ and let (Aq, ao) — O {A, a), where O is considered as an 7?.-algebra by 
means of the augmentation e. 

5.3. Lemma (Equating Lemma). There exist a quasi-finite etale extension 
j : TZ ^ TZ and a lifting e : TZ ^ O of the augmentation e (i.e. e o j = t) 
and an isomorphism $ : TZ ®-r, {A., cr) — > 7?. ®o (^O; ctq) of Azumaya algebras with 

involutions over TZ such that the triple {TZ^O,f) with i = j o i and f — j{f) is 

i 

still perfect and the map O $ : (Aq, ctq) ^ (Aq, (Tq) is the identity. 

Proof. The required quasi-finite etale extension j : TZ ^ TZ and lifting e : TZ ^ O 
of the augmentation e and the isomorphism $ : TZ {A.,(t) —>■ TZ <S)o {Aq, ao) of 
Azumaya algebras with involutions are constucted using geometric terminology in 
[Oj-Pl, Proof of 8.1]. 

To see this set X = Spec(7^), U = Spec(C) and consider the morphisms p : 
X ^ U and A : ?7 — > A" induced by the ring homomorphisms i and e. Let 
q : X ^ U ^ he the finite surjective [/-morphism corresponding to the integral 
extension 0\t] C TZ. Let Z G X he the vanishing locus of /. 

Now consider certain scheme morphisms from [Oj-Pl, Proof of 8.1]. Namely, 
consider the quasi-finite etale morphism X X which is the composition of the 
finite surjective etale morphism tt : ^ — > W and the open inclusion W C X. 
Consider the section A : U ^ X and the isomorphism of Azumaya algebras with 
involutions $ from [Oj-Pl, Proof of 8.1]. RecaU that A*($) is the identity, A = 
TT o A, A{U) C W, Z C W, and that there is a finite surjective [/-morphism 
r-.W^UxA^. ^ 

Let J : 7^ ^ 7^ be the inclusion induced hj X ^ X and e : TZ ^ O the 
O-augmentation induced hy A : U ^ X. We claim that j, e and $ satisfy the 
Lemma. 

In fact, O <Siji ^ = A*($) is the identity. The relation eoj = e follows from 
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the equality A = tt o A mentioned just above. It remains to check that the triple 

— e — 

{TZ^O,f) is perfect. To check this note that e o i = e o j o i = e o i = ido- 

i 

The C-algebra IZ is smooth at each prime containing Ker(A) because A = tt o A 
(with TT an etale morphism ) and p : X ^ U \s smooth along A(f/). The k- 
algebra TZ is essentially smooth because the fc-algebra TZ is essentially smooth and 
j : TZ ^ it is etale. The vanishing locus Z C X oi f is finite over U because 
Z C W and tt : ^ — > >V is finite. Since Z is finite over U the (9-module TZ/ fTZ is 
finitely generated. It remains to check that there is a finite surjective [/-morphism 
X ^ U X A^. For that consider the finite surjective morphism r : W ^ U x 
and take the composition r o n : X ^ U x A^. □ 

Let R he a commutative /c-algebra and let {A, a) be an Azumaya algebra with 
involution over R. Let G — Sim^^^- be the similitude group of {A, a) and let 
jjL : G ^ be a group homomorphism which takes a similitude a to its similarity 
factor ji{a) = a" ■ a. Observe that iJ,{G{S)) = Gs{h) from 3.1. □ 

5.4. Notation. For every commutative i?-algebra S denote by J^{S) the group 
S* / iJ,{G{S)). An i?-algebra homomorphism S T clearly induces a group map 
J^{S) J^{T). For an element u G 5'* we shall write u for its image in T{S). The 
homomorphism takes u io a{u). 

5.5. Definition. Let 5" be an 7^-algebra which is a domain with the quotient 
field K and let p be a height 1 prime ideal in 5". An element v G J^{K) is called 
unramified at p iff v belongs to the image of J^{Sp) in J^{K). An element v G J^{K) 
is called 5'-unramified if it is unramified at each height 1 prime p in 5. 

5.6. Lemma (Unramifiedness Lemma). Let R and S be domains with quotient 
fields K and L respectively. Let R S be an injective flat homomorphism of finite 

type and let (3 : K ^ L be the induced inclusion of the quotient fields. Then for each 
localization T D S of S the map /3* : J-{K) ^{L) takes S-unramified elements 
to T -unramified elements. 

Proof. Let v G K* and let r be height 1 primes of T. Then q = 5" fl r is a height 
1 prime of S. Let p = i? fl q. Since the -R-algebra S is fiat of finite type one has 
ht(q) > ht(p). Thus ht(p) is 1 or 0. The commutative diagram 

T{K) > J^{L) 



T{Rp) > r{T,) 

shows that the class /9(v) is in the image of T{Tx). Whence the class j3{v) G J^{L) 
is T-unramified. The Lemma follows. □ 
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§6. Relative Specialization Lemma 
Let C be a regular local ring containing an infinite field k and which is an 

e 

essentially smooth fc-algebra. Let K be the quotient field of O. Let {TZ^O, f) be a 

i 

perfect triple. Denote by : TZk — TZ®oK — > K the homomorphism e®oK. We 
will consider O and K as 7?.-algebras via e and ex respectively. So for an Azumaya 
algebra with involution {A, a) over IZ it makes sense to speak about the groups 
and T{K) (see Definition 5.5). 

6.1. Lemma (Relative Specialization Lemma). Let (TZ^O.f) be a perfect 

i 

triple and {A, cr) an Azumaya algebra with involution over 71. Let K be the quotient 
field of TZ and let u e TZ*j^ be a unit such that the class u e J^iJC) is TZ-unramified. 

V ^i f) then the class exiu (8) 1) G J^{K) can be lifted to J-'{0). 

Proof. Set {Aqj ao) = {O^^iA, O^-jzc), where O is an 7^-algebra by means of e. Set 
(.4o, (To) = (7^®e) Ao, 7^®ocTo), where TZ is regarded as an C-algebra by means of the 
map i. There are two Azumaya algebras with involutions (A, a) and (^O)Cro) over 
TZ. Their scalar extensions {A, a) O and (^o, ctq) (H)7^ O tautologically coincides 
because the composite map O ^ TZ O is the identity. Thus by the Equating 
Lemma 5.3 one can find a quasi-finite etale extension j : TZ ^ TZ and a lifting 
e : TZ — > O of the augmentation e and an isomorphism $ : {A, a) — > {Ao,ao) of 

Azumaya algebras with involutions over TZ such that {TZ^O,j{f)) is still a perfect 

i 

triple and the isomorphism O $ is the identity. Here (.4, a) = TZ ®-r. {A, ex), 
(^0, 5^) = TZ^o (^0, ctq) and O is regarded as an 7?.-algebra by means oie\TZ ^ O. 

Denote by ex '■ TZr = TZ ®o K ^ K the augmentation e ®o K. Set / = j{f) 
and u = j{u) e 'R,*^. Since eK{u ® 1) = eK{u ® 1) it suffices to check that the class 

eK{u®l) can be lifted to !F{0). 

Let iC be the quotient field of 'R,. By the Unramifiedness Lemma the class 

^ ^ e — 1. 

u e T{1C) is 7?.-unramified. So replacing {TZ*^0,f), {A, a) and u by {TZ^O,j{f)), 

« 1 

{A, a) and u we may assume that {TZ^O,f), is a perfect triple, {A, a) = TZ <^o 

i 

{Ao,ao) for an Azumaya algebra with involution {Ao,ao) over O, and u G 7^^ 

is such that the class u G J^(/C) is 7^-unramified. We must check that the class 
^k{uk) G J^{K) can be lifted in J^{0). 

Since the triple {TZ^O, f) is perfect, the geometric presentation lemma [Oj-P, 

i 

Lemma 5.2] shows that one can choose an element s E TZ such that the extension 
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TZ^ 0[s] is finite, the ring 0[s] is the polynomial ring in one variable over O and 
the following holds: 

(1) (l-s)7^ + /7^ = 7^, 

(2) sTZ = Ker(e)nJ for a certain ideal J and 

(3) J + fn^n and 

(4) the map TZ/sTZ — 7?./Ker(e) x TZ/ J = O x TZ/J is an isomorphism. 

Since TZ and 0[s] are both essentially smooth fc-algebras (and thus regular rings) 
and since the extesion 71 over 0[s] is finite, a theorem of Grothendieck [Eis, Corol- 
lary 18.17] shows that 7^ is a fiat (9[s]-module. Therefore 7^ is a finitely generated 
projective (9-module. Thus TZi — TZ/ (1 — s)TZ and TZq — TZ/ J are finitely generated 
projective O-modules. 

Consider the elements u\ = u mod (1 — s)TZf in TZ\ ^ and uq = u mod J/ in 
TZlj. By (1) and (3) one has 7^^ = TZij and thus ui e TZ* {i = 0, 1). Since TZi 
and TZq are finitely generated projective (9-modules, there are the norm mappings 
NTZi/o ■■ K — >0* {i = 0, 1) given by {v ^ det(mult. by v)). Set 

Claim. (j){u) = eK{uK) in the group K* / ii{G{K)) = !F{K). 

Since e C*, the Claim clearly completes the proof of purity. The rest of 
the section is devoted to the proof of the Claim. 

Set TZk = K ®c> TZ and uk = 1 ® u E TZk- Set TZi^K = K TZi and Ui^K = 
1 ® Wi e TZk G TZ* j^. Finally set 7^/,k = TZK,i®f- Clearly it suffices to prove the 
relation 



(t) exil ®u) = iV7^l,^/K(l ® ui) ■ iV7^o,K/i^(l ® ^o)"' 

in the group J^{K). The relation (f) will be checked below in this proof applying the 
Specialization Lemma (Theorem 3.3) to the integral extension TZk 5 K (S>o C[s] = 
K[s] and the Azumaya algebra with involution (Aq, ctq) CSo K over K. 

Check the hypotheses of the Specialization Lemma. Since TZ is regular domain 
and TZk is its localization TZk is a regular domain as well. Since TZk is an integral 
extension of the polynomial ring K[s] , the dimension of TZ is one. A regular domain 
of dimension 1 is a Dedekind domain. Thus TZ is a Dcdckind domain. 

The class u G J^{KL) of the element u G TZ*^ is 7^-unramified. Thus the class 
Uk G T{1C) of the element uk G TZ*^ ^ is T^i^-unramified. 

Now check that the element 1 ® / G TZk is coprime with both s and s — 1 in TZk- 
Recall the conditions (1) to (4) mentioned above in this proof. The element l®f is 
coprime with (s — 1) by condition (1). The element €^(1 ® f) = ^{Dk is non-zero 
in K by the very assumption on /. The element 1 (8) / is coprime with the ideal 
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Jk by condition (3). Thus 1® f is coprime with s by condition (4). We aheady 
checked that the class u is T^x-^nramified. Thus by Theorem 3.3 the relation (f) 
holds in J-{K). The Claim is proved. The Relative Specialization Lemma follows. 

§7. Geometric case of the Purity Theorem 

Under the notation of 5.4 and 5.5 the following theorem holds. 

7.1. Theorem. Let O be a local, essentially smooth algebra over a field k and let 
K be its quotient field. Let (A, a) be an Azumaya algebra with involution over O 
and let v e K* be such that the class v e is O-unramified. Then v can be 

lifted in T{0). 

Proof. We begin with the case of an infinite field k. By assumption there exist a 
smooth d-dimensional A;-algebra R = . . . , in] and a prime ideal p oi R such that 
A = Rp. We first reduce the proof to the case in which p is maximal. To do this 
we choose a maximal ideal m containing p. Since k is infinite, by a standart general 
position argument we can find d algebraically independent elements Xi, X2, . . . , 
such that R is finite over k[Xi, . . . and etale at m. After a linear change of 
coordinates we may assume that R/p is finite over B = k[Xi, . . . where m 

is the dimension of R/p. Clearly R is smooth over S at m and thus, for some 
/i G -R — m, the localization R^ is smooth over B. Let S be the set of nonzero 
elements of B, k' — S~^B the field of fractions of B and R' — S~^Rh. The prime 
ideal p' = S~^ph is maximal in R', the A;'-algebra R' is smooth and A = R'^,. 

Prom now on and till the end of the proof of Theorem 8.1 we assume that 
O = Ox,x is the local ring of a closed point a; of a smooth cZ-dimensional irreducible 
affine variety X over k. 

Replacing X by a sufficiently small affine neighbourhood of x we may assume 
that 

(1) the algebra with involution {A, a) is defined over k[X] and is an Azumaya 
algebra with involution already over k[X], 

(2) the element v is a unit in /^[^Jg for certain nonzero element g e 

(3) the class v G J^{K) is /c[X]-unramified. 

We must prove that v can be lifted in J^{0). 

By Quillen's trick there exists a polinomial subalgebra k[ti,t2, ■ ■ ■ ,tn] in k[X] 
such that the algebra R = k[X] is finite over ^2, • • • ; *n]> the algebra R is 
smooth over ^2, ■ ■ ■ , ^n-i] ^it the maximal ideal m and the k[ti,t2, ■ ■ ■ , tn-i]- 
module R/fR is finite. Set P = t25 • • • , ^n-i], 71 = O ®p R, consider ring 
homomorphisms j : R ^ TZ, i : O ^ TZ and e : TZ ^ O given by j{a) = 1 (8) a, 
i{b) = b® 1 and e(a ®b) = ab respectively. 

We claim that {TZ^O, f) with / = j(f) is a perfect triple (see 6.1 for definition). 

i 
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This is checked in [Oj-P] using geometric terminology. This perfect triple fits in the 
diagram 

m — R 



O 

with the localization map can. Clearly can = e o j. 

Set {A,cr) = TZ ®fe[x] i^j^) cind u — j(v) G 7^^. Let IC be the quotient field 
of TZ. By the Unramifiedness Lemma the class u e J^{IC) is 7?.-unramified. Since 
e(/) = e{j{f)) = / is nonzero element of O we are under the hypotheses of the 
Relative Specialization Lemma. Thus the class exiu) G ^(K) can be lifted in 
J^{0). It remain to note that 

eK{u) = eK{j{v)) = V e 

Thus the class v e J^{K) can be lifted in J^{0). 

Now suppose that k is finite. So O is a local essentially smooth /c-algcbra with 
maximal ideal m. Let v G K* be such that the class v G J^{K) is (9-unramified. Let 
p"^ be the cardinality of the algebraic closure of k in A/m and s be an odd integer 
greater than 2 and prime to m. For any i let li be the field (in some fixed algebraic 
closure of k) of degree s* over k. Let I be the union of all Zj. Since I (g)/- (O/m) is 
still a field, i? = Z (8>a: O is a local essentially smooth algebra over the infinite field I. 
Let L = I ®fc K be its field of fractions. The image of v in J-'{L) is i?-unramified. 
In fact, let q be a hight-one prime of R and p — O H q. By assumption v is in the 
image of J^{Op) and since Op ^ L factors through R^ the class Vl is in J^{Rq) for 
every q. We can now find a finite subfield I' of I, and for O' = I' (8)fc O, a v' G O' 
which maps to Vl. Let K' be the field of fractions of O'. Further enlarging I' we 
may assume that the images v and v' in J^{K') coincide. Consider the diagram 

O* > (O')* ^ ) O* 

a 

J^{K) > T{K') J^{K). 

where N is the norm map (it is well-defined by the Scharlau norm principle) 
the composition of the horizontal maps is the identity, we have a o N(y') 
T{K). Thus V is indeed in the image of O*. Theorem 7.1 is proved. 
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. Since 
= V in 



§8. Proof of the Purity Theorem 



Proof of Theorem 1.3. Let k be the prime subfield of the ring R. By Popescu's 
theorem [P], [Sw] R = limi^a (a filtered direct hmit), where R^s are smooth k- 
algebras. We first observe that we may replace the direct system of the R^s by a 
system of essentially smooth local /c-algebras. In fact, if m is the maximal ideal of 
R, we can replace each R^ by {Ra)p^ where pQ, = m fl Ra- Note that in this case 
the canonical morphisms (pa '■ Ra R are local and that every R^ is a regular 
local ring thus in particular a factorial ring. 

Now let K be the field of fractions of R and, for each a, let Ka be the field of 
fractions of R^. The ideal = ker((^a) is prime. Set Sa = {Ra)va- Note that the 
SaS form a direct system of regular local rings with K — limS'Q, (a filtered direct 

limit). 

We may assume that there exists an index a and an Azumaya algebra with 
involution {AQ,,o^a) over R^ such that (A, a) = (^q,, ctq.) <^r^ R. Replacing the 
direct system of indeces a's by the subsystem of indeces (3 satisfying /? > o: we may 
assume that we are given with a direct system of Azumaya algebras with involutions 
(Aa, act) over the R^s such that (A, a) = lim(Aa, cTq.). 

Let Ga = SimA^,aa- Then one has G{R) = limG'a(-Ra) and G{K) = limG'a('S'a). 
Let Ha '■ Ga Gm be the group morphism which takes a similitude to its similarity 
factor (see the Introduction). 

Let a e J^{K) be an i?-unramified class. We may represent a by a unit a E R*p 
where ^ f E R. Let / = pip2 . . .pn be a prime decomposition of / in R. Since 
a is i?-unramified for every index i = 1,2, ... ,n there exist elements hi E R — PiR 
and tti G -R^. and gi G G{K) such that a = ain{gi). 

We can now choose an index a, elements Pa,i and ha,i with 4>aipa,i) — Pi and 

4>oc{ha,i) = hi. Set fa = Pa,lPa,2 ■ ■ ■Pa,n- Since 0a(/a) = / 7^ and (f>a{ha,i) = 

hi ^ one has the inclusions -Rq,/„ C Sa and Ra,ha,i ^a- Futher enlarging the 
index a we can choose tta G -R* j and elements j G -R* ^ . and ga,i G Ga{Sa) 
which are preimages of the a and the a^'s and the giS respectively. Having choosen 
these preimages consider the relations 

in Sa. Since they hold over K, we may assume, after replacing a by some larger in- 
dex, that they hold over Sa. We claim that the class tta G T{Ka) is i?a-unramified. 

To prove this note first that each po:,i is prime. In fact, 4>a{Pa,i) — Pi, the element 
Pi is prime and (f)a is a local homomorphism of local factorial rings. Thus Pa,i is 
indeed prime. Since aa G i?* and fa = Pa,iPa,2 ■ ■ ■Pa,n the class can be 
ramified at most at one of the Pa/s. However the relations aa = o-a,ilJ'a{ga,i) with 
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ttoi^i e i2* /j . and the fact that Pa^i does not divide ha^i prove that the class cba. is 
unramified at each the Pa,i- Thus the class Oa is indeed i?Q;-unramified. 

By purity for Ra there exists an a'^ G -R* such that = (1^ in J^{Ka). The 
exact sequence 1 — > Ua,(t — ^ Sim^^cr — ^ 1 of algebraic group schemes over 
Sa shows that the kernel of the boundary map d : T{Sa) H^{Sa, UA,a) is trivial. 
The Main Theorem of [Oj-Pl] states that the kernel 

ker[H\S^,UA,a) ^ H\Ka,UA,a)] 

is trivial. Thus J-'{Sa) injects into T{Ka) and = aa already in J^{Sa)- The 
commutative diagram 

Rqi > R 



K 



shows that (f)aioc') = a in J^{K). This completes the proof of Theorem 1.2. 
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